In this article it has been tried to show that fuzzy theory performs better than probability theory in monitoring the product quality. A method that uses statistical techniques to monitor and control product quality is called statistical process control (SPC), where control charts are test tools frequently used for monitoring the manufacturing process. In this study, statistical quality control and the fuzzy set theory are aimed to combine. As known, fuzzy sets and fuzzy logic are powerful mathematical tools for modeling uncertain systems in industry, nature and humanity; and facilitators for common-sense reasoning in decision making in the absence of complete and precise information. In this basis for a textile firm for monitoring the yarn quality, control charts according to fuzzy theory by considering the quality in terms of grades of conformance as opposed to absolute conformance and nonconformance. And then with the same data for a textile factory, the control chart based on probability theory is constructed. The results of control charts based on two different approaches are compared. It's seen that fuzzy theory performs better than probability theory in monitoring the product quality.
Introduction
Successful businesses inevitably place great emphasis on managing quality control -carefully planned steps taken to ensure that the products and services offered to their customers are consistent and reliable and truly meet their customers' needs. Many quality characteristics (Q.Ch.) are expressed in terms of original or its derived measurement units, like weight, length, pressure, etc. for which they are called continuous or variable. As normality is a usual assumption of control charts of continuous Q.Ch.s and independency of mean and variance is a basic assumption of normal distribution, a separate control chart is prepared for monitoring the process average. As the literature of a Shewhartian control chart and fuzzy theory is quite famous and available in different related texts and articles we will generally discuss them in the following lines.
Quality Control
Quality control is a process employed to ensure a certain level of quality in a product or service. It may include whatever actions a business deems necessary to provide for the control and verification of certain characteristics of a product or service. The basic goal of quality control is to ensure that the products, services, or processes provided meet specific requirements and are dependable, satisfactory, and fiscally sound.
One of the primary tools used in the statistical control of a process is the control chart. Created by Walter Shewhart in 1924, the Shewhart control chart gives a crisp picture of the state of a process by plotting the data produced by a process on a chart bound by upper and lower specification limits. The main function of a control chart is to Monitor a process in order to identify whether or not the process is in control. "In control" conditions mean that a process is producing parts that are close to the target value with little variation. "Out of control" conditions mean that some type of assignable cause has occurred, and the process is, therefore, yielding products at either an unacceptable distance from the target value, with an unacceptable amount of variation, or both. The control chart consists of three lines: an upper control limit (UCL), a lower control limit (LCL), and a center line (CL) (Refer to Fig 1) . The upper and lower control limits are the maximum and minimum values for a process characteristic to be considered in control while the center line is the mean value for the process. For Shewhart charts, 3sigma control limits are used. Three sigma ( 3σ ) control limits establish bounds on the data that extend above and below the mean of the process by 3 times the standard deviation of the process statistic being plotted. Data to be plotted on control charts are obtained directly from the process. Data points falling outside the set limits indicate a possible out of control condition in the process . The information plotted on control charts consists of either variable or attribute data. Variable data represent measurable characteristics. Examples of variable data are dimensions such as diameters, volumes, or lengths. Attribute data are data that refer to either a pass or a fail situation. In other words, if a product passes inspection, it is considered a pass, and thus, it conforms to the standards outlined for the product. If a product fails, it is considered nonconforming to the standards outlined for the product.
Fuzzy Logic and Fuzzy Set Theory
Fuzzy logic is a form of multi-valued logic derived from fuzzy set theory to deal with reasoning that is approximate rather than accurate. In contrast with "crisp logic", where binary sets have binary logic, fuzzy logic variables may have a truth value that ranges between 0 and 1 and is not constrained to the two truth values of classic propositional logic. Furthermore, when linguistic variables are used, these degrees may be managed by specific functions. Fuzzy logic emerged as a consequence of the 1965 proposal of fuzzy set theory by Lotfi Zadeh. Though fuzzy logic has been applied to many fields, from control theory to artificial intelligence, it still remains controversial among most statisticians, who prefer Bayesian logic, and some control engineers, who prefer traditional two-valued logic.
Fuzzy logic and probabilistic logic are mathematically similar -both have truth values ranging between 0 and 1 -but conceptually distinct, due to different interpretations. Fuzzy logic corresponds to "degrees of truth", while probabilistic logic corresponds to "probability, likelihood"; as these differ, fuzzy logic and probabilistic logic yield different models of the same real-world situations. Both degrees of truth and probabilities range between 0 and 1 and hence may seem similar at first. It is essential to realize that fuzzy logic uses truth degrees as a mathematical model of the vagueness phenomenon while probability is a mathematical model of ignorance. The same could be achieved using probabilistic methods. A basic application might characterize sub ranges of a continuous variable. For instance, a temperature measurement for anti-lock brakes might have several separate membership functions defining particular temperature ranges needed to control the brakes properly. Each function maps the same temperature value to a truth value in the 0 to 1 range. These truth values can then be used to determine how the brakes should be controlled. In this image, the meaning of the expressions cold, warm, and hot is represented by functions mapping a temperature scale. A point on that scale has three "truth values"-one for each of the three functions. The vertical line in the image represents a particular temperature that the three arrows (truth values) gauge. Since the red arrow points to zero, this temperature may be interpreted as "not hot". The orange arrow (pointing at 0.2) may describe it as "slightly warm" and the blue arrow (pointing at 0.8) "fairly cold".
Fuzzy sets are sets whose elements have degrees of membership. In classical set theory, the membership of elements in a set is assessed in binary terms according to a bivalent condition -an element either belongs or does not belong to the set. By contrast, fuzzy set theory permits the gradual assessment of the membership of elements in a set; this is described with the aid of a membership function valued in the real unit interval [0, 1] . Fuzzy sets generalize classical sets, since the indicator functions of classical sets are special cases of the membership functions of fuzzy sets, if the latter only take values 0 or 1. Classical bivalent sets are in fuzzy set theory usually called crisp sets. The fuzzy set theory can be used in a wide range of domains in which information is incomplete or imprecise.
Constructing Quality Control Charts by using Probability and Fuzzy Approaches
There are many situations in which the simultaneous control of two or more related quality characteristics is necessary. For example, suppose that a bearing has both an inner diameter(x1) and an outer diameter (x2) that together determine the usefulness of the part. Controlling these two quality characteristics independently can be very misleading. And the distortion in the control procedure increases as the number of quality characteristics increases (Montgomery 1991) . Like that quality control problems in which several related variables are interest are sometimes called multivariate quality control problems. Different procedures are proposed to monitor multinomial processes when products are classified into mutually exclusive categories. Marcucci proposed two procedures using Shewart type control charts. The first type is used when quality proportions are designed to be specific values, where any change in these proportions must be detected by the monitoring procedure. The second type allows for one-sided monitoring of quality proportions and is designed to detect only an increase in all but one quality proportions. When specific values of process proportions are not known, the Pearson goodnessof-fit statistic is not applicable. An appropriate statistical procedure that is a test of homogeneity of proportions between the base period (0) and each monitoring period (i) is defined as follows: (1) where k={0,1}, pkj = Xkj/nk, j=1,2,3,…,t are the sample proportions and ni is the sample size. Raz andWang proposed an alternative approach based on fuzzy theory. Fuzzy sets are assigned to each linguistic term, and then using rules of fuzzy arithmetic they are combined for each sample. The result is a single fuzzy set. A measure of centrality of this aggregate fuzzy set is then plotted on a Shewart-type control chart. In order to retain the standard format of control charts and to facilitate the plotting of observations on the chart, it is necessary to convert the fuzzy sets associated with the linguistic values into scalars, which will be referred to as representative values ). This may be done in a number of ways, as long as the result is intuitively representative of the range of the base variable included in the fuzzy set. Four ways, which are similar in descriptive statistics, are presented.
Fuzzy mode, fmode:
The fuzzy mode of a fuzzy set F is the value of the base variable where the membership function equals 1. This is stated.
2. α-Level fuzzy midrange, fmr(α): This is defined as the midpoint of the ends of the α level cut. An α level cut denoted by Aα is a non fuzzy set which comprises all elements whose membership is greater than or equal to α. If aα and bα, are the end of points of Aα then.
3. Fuzzy median, fmed : This is the point which partitions the curve under the membership function of a fuzzy set into equal regions satisfying the following equations. where a and b are the end points in the base variable of fuzzy set F such that a < b.
4. Fuzzy average, favg: based on Zadeh, the fuzzy average is ).
It should be pointed out that there is no theoretical basis supporting any one specifically. The selection among them should be mainly based on the ease of computation or the user's preference (Gülbay and Kahraman 2007) . After transforming the each fuzzy subset into their representative values, Wang and Raz developed two approaches called the membership approach and the fuzzy probabilistic approach. In the membership approach, membership control limits are based on membership functions. For m samples of size n,Wang and Raz described the centerline (CL) (Eq. 6) as the grand average of means of the samples initially available and calculated the mean deviation for a given fuzzy set A (δ(A)) (Eq. 8) by using the sum of the left mean deviation (δl), and the right mean deviation (δr ).
where Mj (Eq. 7) is the sample mean of the jth sample, M j is the average sample mean, and m is the number of sample initially available:
where kij is the number of products categorized with the linguistic term L in the sample j; ri is the fuzzy representative value of the linguistic term i and nj is the size of sample j.
where α is the value of membership. The control limits (Eq. 9) are located below and above the central line at distances expressed as multiples of the mean deviation. Because the representative value of each sample will be range [0,1].
In the fuzzy probabilistic approach, fuzzy subsets Fi associated with the linguistic terms Li are transformed into their respective values ri with one of the transformation methods. The sample mean Mj (Eq. 10) is calculated as the average of the sample linguistic representative values, ri. For each sample j, the standard deviation SDj (Eq. 11) is calculated as the standard deviation of the representative values of the observations in the sample: (10) , (11) where t is the number of linguistic term in the term set, ri is the representative value of the fuzzy set associated with the linguistic term Li and Mj is the mean of the representative values in the sample j. The mean of the representative of them samples, MSD, is then,
The centerline calculated as the grand mean of the sample means Mj as follows:
Because the points plotted on the charts are sample means of representative values, they should lie within the range [0,1]. Consequently, assuming the sampling distribution is approximately normal or the sample size n is relatively large (>25), by applying the standard formula from variables control charts control limits are derived as (Gülbay et al. 2004 ): (14) 5. An Application in a Textile Company he data are taken one of the biggest textile company in Iran. This company produces cotton yarn called Ne30 and following data shows the quality of Ne30 cotton yarn. The company classifies the yarn quality into four categorizes; standard, 1th preferences, 2th preferences and useless. Data 30 samples of different sizes taken every day is shown in Table 1 . The textile example corresponds to the second type of Marcucci procedures. Suppose that the process is in control in the period corresponding to sample 8. We can estimate the sample proportions for the base period as follows:
The statistics to be plotted in the control chart for each sample is calculated according to the Eq. 1. The obtained results for 30 samples are shown in Table 2 . The resulting generalized p chart is illustrated in Fig. 3 . The upper control limit is taken to be the 95th percentile of the (3) distribution which is 7,815. In a generalized p-chart the upper control limit does not change for all multinomial processes that have the same number of categories.
Fig3. Generalized p chart for yarn process Set 1 
Wang and Raz Approach
In this study Standard (S), 1th Preferences (1P), 2th Preferences (2P), Useless (U) are determined as the term set and then membership functions are expressed for each term. Two sets of membership functions with different shapes are used and shown in Tables 3 and 4 . In our study fuzzy mode and fuzzy median are used as a transformation method. Fuzzy mode and fuzzy median for two sets of memberships are calculated with the help of Eqs. 2 and 4. Results obtained are shown in Table 5 .
Probabilistic Approach
As can be seen from Table 5 , the value of fuzzy modes for two sets of membership functions is the same so the representative values of fuzzy subsets for two sets are same. But the values of fuzzy median for two sets of membership are different so the representative values of fuzzy subsets are different. Because of this reason, control charts produced by different sets are the same when the fuzzy mode is used and are different when the fuzzy median is used. For probabilistic approach, mean and standard deviation of each sample are calculated according to Eqs. 10 and 11. Mean of standard deviation (MSD) is calculated from Eq. 12 and then upper and lower control limits are obtained from Eq. 13. The results obtained for 30 samples are shown in Table 6 . The constructed fuzzy probabilistic control chart using fuzzy mode can be seen in Fig. 4 . The upper and lower control limits for sample 16, 22, 23 and 28 are different from other samples'. Because their sample sizes are different from others so they have different upper and lower control limits. Sample 14 is out of the control. The same calculation steps are repeated again for constructing fuzzy probabilistic chart by using fuzzy median as a representative of fuzzy subsets. As can be mentioned before, the representative values of each fuzzy subset for two sets are different when fuzzy median method is used so constructed control charts for two sets are different. But in this study only control charts for set 2 are shown. Table 7 is related with set 1 and shows mean and standard deviation of each sample and lower and upper control limits of each sample. And Table 8 is related with set 2 and shows mentioned parameters. The fuzzy probabilistic control chart for set 2 is shown in Fig. 5 . 
Membership Approach
The membership functions of the fuzzy subsets for the mean of the samples are determined. By using the first sample to illustrate the calculation, the fuzzy subset MF1 associated with the sample mean can be represented by (a1, b1, c1) where The resulting left ends, modes and right ends of these 30 samples are given in Table 9 . The fuzzy subsets associated with the linguistic terms are all triangular fuzzy subsets. Then the corresponding representative value is calculated. The result obtained is shown in last column of Table 9 . Fuzzy mode is used as a transformation method. The mean deviation is calculated according to Eq. 8. Since the fuzzy subset GMF can be represented by a triplet (0.162, 0.416, 0.793), and the mean deviation is calculated as 0.315. The centerline is obtained by transforming GMF into a representative value. The resulting value is 0.416. Then control limits are calculated with Eq. 9.While calculating these limits, the value of k which is the number of mean deviations that the control limits will be located away from centerline is taken as 0.7. The representative value to be plotted on the chart, center line, upper and lower control limits are shown in Table 10 . Control chart following the membership approach according to fuzzy mode transformation method is constructed and shown in Fig. 4 . As can be from Fig. 4, the samples 3, 8, 14 are out of the control. The sample 14 is out of control at both fuzzy probabilistic and membership control chart. And the samples 3 and 8 which are out of control in fuzzy membership control chart are very close the upper control limit at fuzzy probabilistic control charts. With the comparison between fuzzy probabilistic chart and the fuzzy membership chart constructed for Set 1 by using fuzzy mode as a transformation method in other words comparison of those two control charts it can be seen that membership approach always produces narrower band between control limits than the probabilistic approach. Fuzzy probabilistic and membership control charts produce approximately same result for yarn quality. 
Conclusion
Control charts have an efficient usage field to keep the process under control. Control charts are accepted as graphical analysis method which determines the products whether to remain in the acceptable limits or not and as a graphical analysis method which gives a signal in the case of product to be out of these limits. In this paper control chart and fuzzy logic are tried to combine. Because the most important difference of fuzzy logic from the other logic systems is that it allows the using linguistic variables. Linguistic variables provide the concepts which cannot be expressed clearly to be qualified approximately. In this study to supplement the binary classification, several intermediate levels which describe product quality are used. These intermediate levels are expressed in the form of linguistic terms with the help of fuzzy logic. Fuzzy probabilistic and membership control charts which were proposed by Wang and Raz are constructed. At the same time generalized p chart which depends on probability theory is constructed. With comparison of probability and fuzzy theory, fuzzy theory performs better than probability theory in monitoring the multinomial process for the textile industry. Construction of fuzzy control chart has some advantages and disadvantages. The major contribution of fuzzy set theory is its capability of representing vague data. With the help of the fuzzy set theory, flexibility of the system is improved. In general, big variations in the fuzzy system's output can also be achieved by directly manipulating the membership functions and overlap properties. Contrarily to other intelligent techniques such as neural networks, the lengthy training phases are not necessary for fuzzy systems and their design can be interpreted as being more semantic than the design of other intelligent techniques. The main difficulty of constructing fuzzy control chart is selecting suitable membership function of linguistic variables. The assignment of membership function to each linguistic variable is not easy for process and quality engineers. The shape of membership function should be based on system behavior and user's preferences. And also increasing and decreasing number of linguistic variables affect the performance of fuzzy control chart. In the result of this study, it's possible to say that building fuzzy control charts have more flexible and more appropriate mathematical description frame than control chart approach and give more meaning results than traditional quality chart.
